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Abstract. We investigate the interacting dark energy models by using the diagnostics of
statefinder hierarchy and growth rate of structure. We wish to explore the deviations from
ΛCDM and to differentiate possible degeneracies in the interacting dark energy models with
the geometrical and structure growth diagnostics. We consider two interacting forms for
the models, i.e., Q1 = βHρc and Q2 = βHρde, with β being the dimensionless coupling
parameter. Our focus is the IΛCDM model that is a one-parameter extension to ΛCDM by
considering a direct coupling between the vacuum energy (Λ) and cold dark matter (CDM),
with the only additional parameter β. But we begin with a more general case by considering
the IwCDM model in which dark energy has a constant w (equation-of-state parameter).
For calculating the growth rate of structure, we employ the “parametrized post-Friedmann”
theoretical framework for interacting dark energy to numerically obtain the (z) values for
the models. We show that in both geometrical and structural diagnostics the impact of w is
much stronger than that of β in the IwCDM model. We thus wish to have a closer look at
the IΛCDM model by combining the geometrical and structural diagnostics. We find that
the evolutionary trajectories in the S
(1)
3 – plane exhibit distinctive features and the depar-
tures from ΛCDM could be well evaluated, theoretically, indicating that the composite null
diagnostic {S(1)3 , } is a promising tool for investigating the interacting dark energy models.
We also compare our results with the observed uncertainties on diagnostic parameters. We
find that current observations still do not have sufficient precisions to completely distinguish
IΛCDM models from the ΛCDM model. Anyway, our work points out what precisions of
measurements should be achieved to distinguish the IΛCDM models from the ΛCDM model.
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1 Introduction
The cosmological observations [1–4] have shown that our universe is undergoing accelerated
expansion. This cosmic acceleration is attributed to an unknown component, called dark
energy (DE), with negative pressure, or a modification to general relativity (GR) on the
cosmological scale. For the possible existence of DE, a large number of DE models are
constructed in theory, such as the ΛCDM model consisting of the cosmological constant
(Λ) and the cold dark matter (CDM), the scalar-field models [5–15], the holographic type
models [16–22], and so on. On orientation of modified gravity, there are many attempts, for
instance, the f(R) class theories [23, 24], the Dvali-Gabadadze-Porrati (DGP) braneworld
model [25], and the like. Among a lot of theories and models, the ΛCDM model is the simplest
and provides a good fit to current observational data, though the other models cannot be
completely excluded yet. Nevertheless, the ΛCDM model is not free of any troubles; it
always suffers from the severe theoretical challenges, i.e., the fine tuning and coincidence
problems [26–32].
Currently, in the empirical studies of cosmic acceleration, we are actually facing two
physically profound questions: Is the cosmic acceleration caused by a breakdown of GR on
cosmological scales or by a DE component that produces repulsive gravity within GR? If
the cause of acceleration is indeed a DE component, is it a cosmological constant Λ or a dy-
namical field? To differentiate DE and modified gravity (MG), the only usage of geometrical
diagnostics is not enough, and the utilization of probes of structure growth is a must. In
this paper, we do not consider the possibility of MG, but only focus on the studies of DE.
But, actually, even if only the possibility of DE is considered, the combination of geometrical
and structure growth diagnostics is proven to be very powerful and helpful in differentiating
alternative models from ΛCDM, as will discussed in this paper.
Undoubtedly, any definitive deviation from ΛCDM, if diagnosed out and confirmed,
would be a major breakthrough in cosmology and fundamental physics. One possible devia-
tion comes from the models in which the cosmological constant Λ is replaced by a dynamical
dark energy. There exists, however, another possibility that DE (in the simplest case, the
vacuum energy density or Λ) directly couples to CDM. The model of vacuum energy interact-
ing, in some physically profound way, with CDM is called the IΛCDM model in this paper.
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We will explore the deviation of this model from ΛCDM with the combination of geometrical
and structure growth diagnostics in this work.
To discriminate various models, the geometrical diagnostics are introduced, such as
statefinder {r, s} [33, 34], Om, and Om3 [35–37]. Some works [38–47] revealed that the
statefinder diagnostic can effectively discriminate various DE models and break/differentiate
the degeneracies between different parameter values of DE model, except for a few mod-
els (for example, the new agegraphic DE model [45, 47]). Furthermore, Arabsalmani and
Sahni [48] introduced the statefinder hierarchy and the growth rate of linear perturbations as
“null diagnostics” for the ΛCDM model. The statefinder hierarchy [48] is also a geometrical
diagnostic and is model-independent, which contains high derivatives of a(t), with a(t) the
scale factor of the universe. The growth rate of structure [50, 51] was presented previously
as a scale-independent consistency check between the expansion history and the structure
growth. It can act as a cosmic growth history diagnostic, or be combined with the statefinder
hierarchy to serve on a composite diagnostic. In the previous work [49], we applied these
two diagnostics to discriminate four holographic DE models. These diagnostics were also
considered in [52–54].
In this paper, we will use the statefinder hierarchy and the growth rate of structure
to diagnose the deviation from the ΛCDM regarding the coupling between vacuum (Λ) and
CDM in the IΛCDM model. Though we pay more attention to the IΛCDM model, we wish
to begin with the more general model of interacting DE in which the equation of state (EoS)
parameter w is a constant and may not be exactly −1, usually referred to as the IwCDM
model. We will first apply the geometrical and structural diagnostics in the IwCDM model,
exploring and comparing the impacts of EoS w and coupling β.
Consider a spatially flat Friedmann-Robertson-Walker (FRW) universe consisting of DE
(de), CDM (c), baryons (b), and radiation (r). The energy conservation equations of cosmic
components are expressed as
ρ˙de + 3H(1 + w)ρde = −Q, (1.1)
ρ˙c + 3Hρc = Q, (1.2)
ρ˙b + 3Hρb = 0, (1.3)
ρ˙r + 4Hρr = 0, (1.4)
where the dot denotes a derivative with respect to time t, H = a˙/a is the Hubble parameter,
ρi is the energy density of each component, for i = de, c, b, and r, respectively, and Q is the
energy transfer rate between DE and CDM. In this paper, we consider two interacting forms:
Q = βHρc (denoted as Q1) and Q = βHρde (denoted as Q2), where β is the dimensionless
coupling. For convenience, the IΛCDM models with Q1 and Q2 are denoted as the IΛCDM1
and IΛCDM2 models, respectively, and the IwCDM models with Q1 and Q2 are denoted as
the IwCDM1 and IwCDM2 models, respectively.
This paper is organized as follows. In Sec. 2, we briefly review the two diagnostics,
i.e., the statefinder hierarchy and the growth rate of structure. In Sec. 3, we explore the
interacting dark energy models with the geometrical and structural diagnostics. Conclusion
is given in Sec. 4.
2 Statefinder hierarchy and growth rate of structure
In this section, we will first review the statefinder hierarchy diagnostic and then describe
the growth rate of structure in the interacting DE models. In particular, we present the
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“parametrized post-Friedmann” framework for interacting DE models, which is used to cal-
culate the growth rate of structure in the IΛCDM and IwCDM models.
2.1 The statefinder hierarchy
The scale factor of the universe, a(t)/a0 = (1 + z)
−1, can be Taylor expanded around the
present epoch t0 as follows:
a(t)
a0
= 1 +
∞∑
n=1
An(t0)
n!
[H0(t− t0)]n, (2.1)
where
An =
a(t)(n)
a(t)Hn
, n ∈ N, (2.2)
with a(t)(n) = dna(t)/dtn. An (n ≥ 3) is transformed to statefinder hierarchy, S(1)n , in order
to obtain null diagnostic for the ΛCDM model, which is expressed as [48]:
S
(1)
3 = A3, (2.3)
S
(1)
4 = A4 + 3(1 + q) (2.4)
S
(1)
5 = A5 − 2(4 + 3q)(1 + q), etc., (2.5)
where the superscript (1) just is a marked symbol, and q is the deceleration parameter,
q = −A2.
In a spatially flat FRW universe consisting of only DE and non-relativistic matter,
the statefinder hierarchy for ΛCDM is fixed to be 1 during the cosmic expansion, namely,
S
(1)
n |ΛCDM = 1. By using this diagnostic, one can distinguish easily the ΛCDM model
from other DE models. However, in this paper, we consider a spatially flat FRW universe
containing DE, CDM, baryons, and radiation. Obviously, in this case, S
(1)
n |ΛCDM is no longer
a constant, but slowly changes with time during the cosmic expansion. Even so, the ΛCDM
model is still treated as a reference model.
For the interacting DE scenario, we derive the expressions of S
(1)
3 and S
(1)
4 in terms of
the model parameters:
S
(1)
3 = 1 +
9
2
Ωdew(1 + w)− 3
2
w′Ωde + 2Ωr +
3wQ
2Hρ
, (2.6)
S
(1)
4 =1−
9
4
wΩ2de[3w(1 + w)− w′]−
3
4
Ωde[w(21 + 39w + 18w
2) + Ωr(7w + 3w
2 − w′)
− (13 + 18w)w′ + 2w′′]− Ωr(9 + Ωr)− 3wQ
2Hρ
(2 + 3w) +
3wQ′
2Hρ
+
3w′Q
Hρ
.
(2.7)
where the prime denotes the derivative with respect to x = ln a and ρ =
∑
ρi. The
above expressions are applicable for all the interacting DE models with arbitrary w(z) and
Q. For the IwCDM models, one should let w = const in the above formulae. For the IΛCDM
models, one substitutes w = −1 in the above formulae.
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2.2 The growth rate of structure
The fractional growth parameter (z) [50, 51] is defined as
(z) =
f(z)
fΛCDM(z)
, (2.8)
where f(z) = d ln δ/d ln a is the growth rate of structure. Here, δ = δρm/ρm, with ρm and
δρm being the energy density and the density perturbation of matter (including CDM and
baryons), respectively.
If the matter density perturbation is linear and there is no interaction between DE and
CDM, the perturbation equation at late times is written as:
δ¨ + 2Hδ˙ = 4piGρmδ, (2.9)
where G is the Newton’s gravitational constant. Consequently, the growth rate of the linear
density perturbation is approximatively given by [55]:
f(z) ' Ωm(z)γ , (2.10)
γ(z) =
3
5− w1−w
+
3(1− w)(1− 32w)
125(1− 65w)3
(1− Ωm(z)), (2.11)
where Ωm(z) ≡ ρm(z)/3M2pH(z)2 is the fractional density of matter, w is either a constant
or varies slowly with time. For the ΛCDM model, γ ' 0.55 and (z) = 1 [55, 56]. For
other models, the values of (z) exhibit differences from ΛCDM, which is the reason why the
fractional growth parameter (z) is used as a diagnostic.
However, for an interacting DE model, the growth rate f(z) cannot be simply param-
eterized by Eqs. (2.10) and (2.11) [57]. For more details of calculating the growth rate in
interacting DE models, we refer the reader to [57]. But in this paper we calculate the growth
rate within the “parametrized post-Friedmann” (PPF) framework for interacting dark energy
[58, 59]. One of the advantages of the PPF approach is that it could resolve the problem
of early-time super-horizon-scale perturbation divergence in the interacting DE models. We
will briefly present the PPF framework for interacting DE in the following.
In an interacting DE model, the conservation laws become
∇νTµνI = QµI ,
∑
I
QµI = 0, (2.12)
where QµI denotes the energy-momentum transfer of I fluid. Generally, Q
µ
I can be split as
QIµ = a
(−QI(1 +AY )− δQIY, [fI +QI(v −B)]Yi), (2.13)
where δQI and fI are the energy transfer perturbation and momentum transfer potential of
I fluid, respectively, A and B are functions describing the perturbed metric, v denotes the
velocity perturbation of total matters, and Y and Yi are the eigenfunctions of the Laplace
operator and its covariant derivatives, respectively. Then, Eqs. (2.12) and (2.13) give the
following two conservation equations,
δρ′I + 3(δρI + δpI) + (ρI + pI)(kHvI + 3H
′
L) =
1
H
(δQI −AQI), (2.14)
[a4(ρI + pI)(vI −B)]′
a4kH
− δpI + 2
3
pIΠI − (ρI + pI)A = a
k
[QI(v −B) + fI], (2.15)
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where kH = k/(Ha) with k the wave number, the prime denotes the derivative with respect to
x = ln a, HL also denotes metric perturbation, and δpI and ΠI are pressure perturbation and
anisotropic stress of I fluid, respectively. The values of δQI and fI depend on the covariant
form of QµI . In our work, we choose Q
µ
c = −Qµde = Quµc with uµc = a−1
(
1−AY, vcY i
)
, so that
there is no momentum transfer in the CDM frame. Comparing with Eq. (2.13), we can obtain
δQde = −δQc = −βHρcδc for Q = βHρc, δQde = −δQc = −βHρdeδde for Q = βHρde, and
fde = −fc = βHρc(v − vc).
In above equations, Πi generally vanish for CDM and DE, and the metric perturbations
are decided by a specific gauge and the Einstein equations,
HL +
HT
3
+
B
kH
− H
′
T
k2H
=
4piGa2
k2
[
δρ+ 3(ρ+ p)
v −B
kH
]
, (2.16)
A−H ′L −
H ′T
3
− K
(aH)2
(
B
kH
− H
′
T
k2H
)
=
4piG
H2
(ρ+ p)
v −B
kH
. (2.17)
To complete the perturbation systems of CDM and DE, we also need an extra condition on
δpI. In uncoupled DE case, one often treats DE as a nonadiabatic fluid and calculates δpde
in terms of its rest-frame sound speed, which, however, induces the large-scale instability for
the interacting DE scenario [60, 61]. To avoid this large-scale instability, we here handle the
perturbation evolutions using the PPF framework for interacting DE model established in
[58, 59].
Instead of calculating δpde in terms of rest-frame sound speed of DE, the PPF approach
completes the perturbation system by establishing a direct relationship between Vde − VT
and VT on the large scales, where Vde and VT are the velocity perturbation of DE and total
matters except DE in the comoving gauge. This relationship can be parametrized by a
function fζ(a) as [62, 63]
lim
kH1
4piG
H2
(ρde + pde)
Vde − VT
kH
= −1
3
fζ(a)kHVT. (2.18)
With the help of this extra condition in combination with Eqs. (2.14)–(2.17), we can fi-
nally solve all the perturbation equations and numerically get the growth rate f(z) in the
interacting DE models. For more details, see [58, 59].
Besides (z), we can use a composite null diagnostic (CND), {S(1)n , }, combining (z)
with statefinder hierarchy S
(1)
n [48].
Before we apply the CND to interacting DE models, we wish to make some discussions
on the consistency relation between expansion history and growth of structure for interact-
ing DE. As is well known, for the non-interacting DE, the matter perturbations are entirely
determined by the expansion background, as described by Eq. (2.9). This provides a general
strategy to distinguish between DE and modified gravity (MG) scenarios: a mismatch (dis-
tinct tension) in DE parameter space for constraints from geometrical measurements (e.g.,
luminosity distance and angular diameter distance) and growth-of-structure measurements
(e.g., linear growth rate) points to a modification of GR. In general, for MG, the growth
of structure is usually scale dependent, which is a feature not seen in smooth DE models.1
1For the MG scenario, in the quasi-static Newtonian regime, we have δ¨ + 2Hδ˙ − 4piG˜
(Φ/Ψ)
ρmδ = 0. From
this equation one sees how the combination of G˜ and Φ/Ψ alters the linear matter perturbation. If these
parameters have a scale dependence, then the linear growth function becomes scale dependent.
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Now, a question arises: Is the growth of structure in the interacting DE scenario also scale
dependent? Actually, this issue has been addressed in [57] and the answer is “NO”.
Here we quote the results of [57]. For the Qµ = βHρcu
µ
c model, the second-order
evolution equation for δc is
δ¨c + 2Hδ˙c − 4piG(ρcδc + ρbδb) = 0. (2.19)
Though this equation has the same form as that for the non-interacting case, the solutions
δc are different because the background terms H and ρc evolve differently. For the Q
µ =
βHρdeu
µ
c model, the evolution equation of δc gets two apparent modifications: a modified
Hubble friction term and a modified source term, expressed as a modified effective Newton
constant for CDM:
δ¨c + 2H
(
1 + β
ρde
ρc
)
ρ˙c − 4piGeffρcδc − 4piGρbδb = 0, (2.20)
where
Geff
G
= 1− 2β
3a
ρde
ρc
{
2− 3w − β
(
1 +
ρde
ρc
)}
. (2.21)
We see clearly from Eqs. (2.19)–(2.21) that, for these interacting DE models, the growth of
structure is still scale-independent. Also, from these equations, we find that though the direct
non-gravitational interaction between DE and CDM is introduced, the matter perturbations
could still be derived from background observables, such as luminosity distance and angular
diameter distance data.
In [64], Alam, Sahni and Starobinsky proposed to reconstruct cosmological matter per-
turbations using observed luminosity distance and angular diameter distance data. They
considered non-interacting DE cases and thus used Eq. (2.9) to perform this reconstruction.
Here we have shown that, if one wishes to perform such a reconstruction for the interact-
ing DE cases (IwCDM1 and IwCDM2), one should use Eqs. (2.19)–(2.21) (note that the
evolution equation for δb is not changed and thus is not given here). If the results of these
reconstructions for both non-interacting DE and interacting DE cases are in tension with
the actual observational data of growth rate of structure from, e.g., redshift space distortions
(RSD), then this would give a hint for the MG scenario.
So far, we have clarified that in the interacting DE models the growth of structure is still
consistent with the expansion history. Hence, in these cases, both the statefinder hierarchy
and fractional growth parameter  could be inferred from the same observational data, e.g.,
supernovae and BAO observations.
3 Exploration of interacting dark energy with geometrical and structural
diagnostics
In this section, we explore the deviations from ΛCDM in the interacting DE models by
using the diagnostics of statefinder hierarchy S
(1)
n and fractional growth parameter (z).
Since we only care about the impacts of the EoS parameter w and the coupling parameter
β, we fix the other model parameters. For all models, the present-day fractional density
parameters of CDM, baryons, and radiation are fixed to be: Ωc0 = 0.23, Ωb0 = 0.04, and
Ωr0 = 2.469 × 10−5h−2(1 + 0.2271Neff) (with the Hubble constant h = 0.7 and the effective
number of neutrino species Neff = 3.046). For properly choosing the values of EoS and
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coupling, we refer to the literature [65–68]. We will first test the impact of w in the IwCDM
models. In this test, we fix the coupling to be β = 0.02 and consider the cases of w = −0.9,
−1, and −1.1. Then, we wish to test the impact of β in the IΛCDM models. In this test
(with w = −1), we consider the cases of β = −0.04, −0.02, 0, 0.02, and 0.04.
3.1 Testing the impacts of w and β in the IwCDM models
In this subsection, we will have a look at the impacts of w and β in the IwCDM models using
the diagnostics of statefinder hierarchy and fractional growth parameter.
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Figure 1. Evolutions of S
(1)
3 versus redshift z for the IwCDM model with fixed coupling β = 0.02.
The S
(1)
3 (z) curve of the ΛCDM model is also shown for comparison. The left panel is for the model
with Q1 = βHρc and the right panel is for the model with Q2 = βHρde.
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Figure 2. Evolutions of  versus redshift z for the IwCDM model with fixed coupling β = 0.02. The
(z) curve of the ΛCDM model is also shown for comparison. The left panel is for the model with
Q1 = βHρc and the right panel is for the model with Q2 = βHρde.
First, let us diagnose the IwCDM models with Q1 and Q2 in the light of the statefinder
parameter S
(1)
3 . In Fig. 1, we plot the evolutions of S
(1)
3 versus redshift z for the two IwCDM
models with fixed coupling β = 0.02 and varying EoS values of w = −0.9, −1, and −1.1.
Note that IΛCDM is a specific case for IwCDM with w = −1, as labeled in Fig. 1. Since we
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EoS w w = −1 w = −0.9 w = −1.1
coupling β 0.04 0.02 0 −0.02 −0.04 0.02 0.02
S
(1)
3to 0.986 0.993 1.000 1.007 1.014 0.698 1.354
Q1 S
(1)
4to 1.032 1.016 0.999 0.983 0.966
0 0.983 0.988 1 0.998 1.003 0.983 0.992
S
(1)
3to 0.956 0.978 1.000 1.022 1.044 0.685 1.337
Q2 S
(1)
4to 0.975 0.987 0.999 1.013 1.027
0 0.782 0.887 1 1.098 1.204 0.886 0.887
Table 1. The current values of the statefinder hierarchy and the fractional growth parameter, S
(1)
3to,
S
(1)
4to, and 0, for the interacting DE models.
wish to explore the deviations from the reference model, ΛCDM, we also show the ΛCDM
model as a specific case with β = 0 and w = −1 in this figure for a direct comparison. We
find that using only the S
(1)
3 can easily distinguish the different cases of IwCDM with fixed
β and varying w. For both IwCDM1 and IwCDM2, we find that the departures between
the three lines (with β = 0.02) are prominent in the low redshifts up to about z = 3. But
when we compare the two lines with the same w (i.e., w = −1) and different β (i.e., β = 0
and 0.02), we find that they are nearly degenerate in the whole redshift range. That is to
say, it is difficult to probe the deviation of IΛCDM from ΛCDM using only the statefinder
diagnostic S
(1)
3 . We will use the higher hierarchy of statefinder, S
(1)
4 , to further probe the
deviation from ΛCDM in the next subsection.
Next, we diagnose the IwCDM models in the light of the fractional growth parameter .
In Fig. 2, we plot the evolutions of  versus z for the two IwCDM models where the parameter
values are taken to be the same with those in Fig. 1. We find that using only the structure
growth diagnostic, it is also easy to distinguish the cases of IwCDM with fixed β and varying
w. We find that for both Q1 and Q2 models the  values in the redshift z = 0 are nearly
degenerate, but they are distinguished well in higher redshifts, with the best distinguishing
window of z ' 0.5–1.5. Furthermore, we compare the IΛCDM and the ΛCDM cases, i.e.,
the lines with β = 0.02 and 0 in this figure. We find that the difference of them is bigger
in the lower redshifts, and the IΛCDM2 case (right panel) is better than the IΛCDM1 case
(left panel).
In both Figs. 1 and 2, we find that there exist degeneracies in the high-redshift region,
no matter which diagnostic is used. But this does not influence our diagnosis, since the
observational data are mainly within the low-redshift region. So we pay more attention to
distinguish models in the low-redshift region. The current values of S
(1)
n and , i.e., S
(1)
nto and
0, can be viewed as discriminators for testing various cosmological models. For the different
interacting DE models, the values of S
(1)
3to, S
(1)
4to, and 0 are listed in Table 1, which can supply
assistant information.
From the above analysis, we find that the impact of w is much stronger than that of
β in the IwCDM models in both geometrical and structure growth diagnostics. Actually,
we are more interested in the one-parameter extension to ΛCDM, i.e., the IΛCDM scenario.
Thus, in the next subsection, we will probe the deviation of IΛCDM from ΛCDM regarding
the extra parameter β, by using the combination of geometrical and structural diagnostics.
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3.2 Probing deviations from ΛCDM in the IΛCDM models
The IΛCDM is a one-parameter extension to the ΛCDM, with the extra parameter β. We are
indeed interested in probing the deviation from ΛCDM in terms of the coupling β. So in this
subsection we will have a closer look at the IΛCDM models with the statefinder hierarchy
and the growth rate of structure.
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Figure 3. Evolution curves of S
(1)
3 (z), S
(1)
4 (z), and (z), and evolutionary trajectories of S
(1)
3 () for
the IΛCDM1 model (Q1 = βHρc) with β = 0 (ΛCDM), ±0.02, and ±0.04. In the S(1)3 – plane, the
current values of {S(1)3 , } of the IΛCDM1 model are marked by the round dots. The S(1)3 () trajectory
of the ΛCDM model is approximately taken to be a point {1, 1}, shown as a star. The arrows indicate
the evolution directions of the S
(1)
3 () trajectories.
In this case, the deviation from ΛCDM only comes from the impact of the coupling β.
To perform a diagnostic analysis, we take β = 0 (ΛCDM), ±0.02, and ±0.04, for the IΛCDM
scenario. For the statefinder hierarchy diagnostic, we consider the evolutions of both S
(1)
3 (z)
and S
(1)
4 (z). For the structure growth diagnostic, we consider the evolution of (z). Moreover,
we also perform a CND {S(1)3 , } for the models.
We first discuss the IΛCDM1 model (with Q1 = βHρc). In Fig. 3, we plot the evolution
curves of S
(1)
3 (z), S
(1)
4 (z), and (z), as well as the evolutionary trajectories in the S
(1)
3 – plane,
for the model. In the S
(1)
3 – plane, the current values of {S(1)3 , } of the IΛCDM1 model are
marked by the round dots, and the arrows indicate the evolution directions of various cases
for the model. It should be noticed that S
(1)
3 ' 1 and  = 1 for the ΛCDM model during
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Figure 4. Evolution curves of S
(1)
3 (z), S
(1)
4 (z), and (z), and evolutionary trajectories of S
(1)
3 ()
for the IΛCDM2 model (Q2 = βHρde) with β = 0 (ΛCDM), ±0.02, and ±0.04. In the S(1)3 – plane,
the current values of {S(1)3 , } of the IΛCDM2 model are marked by the round dots. The S(1)3 ()
trajectory of the ΛCDM model is approximately taken to be a point {1, 1}, shown as a star. The
arrows indicate the evolution directions of the S
(1)
3 () trajectories.
the whole evolution history. As a result, the trajectory of ΛCDM is a tiny line segment
in the S
(1)
3 – plane. For simplification, we replace the short S
(1)
3 () trajectory of ΛCDM
approximately with a point {1, 1} shown as a star. We find that, for the curves of S(1)3 (z),
the separations between them are rather near, indicating a near degeneration. But for the
curves of S
(1)
4 (z), it is easy to find that the separations between them become much farther
than in the S
(1)
3 (z) case. Specifically, the maximum deviations from ΛCDM for S
(1)
3 (z) and
S
(1)
4 (z) are about 5% and 15%, respectively, showing that S
(1)
4 (z) could well measure the
deviation from ΛCDM and differentiate the geometrical degeneracies in the model. In the
(z) panel, we find that the maximum deviation from ΛCDM for (z) is only about 2%. Thus
the  diagnostic only provides tiny differentiation. In the S
(1)
3 – plane, the departures from
ΛCDM, from the points of view of both expansion history and growth of structure, could be
directly measured in this plane. The S
(1)
3 () trajectories also exhibit distinctive features for
the various cases of the IΛCDM1 model.
Next, we discuss the IΛCDM2 model (withQ2 = βHρc). The evolution curves of S
(1)
3 (z),
S
(1)
4 (z), and (z), and the evolutionary trajectories in the S
(1)
3 – plane for the IΛCDM2 model,
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are plotted in Fig. 4. When we look at the S
(1)
3 (z) curves, we find that they are highly
degenerate in the high redshift region, but they can separate from each other in the low
redshift region. Even though in the low redshift range the S
(1)
3 (z) curves can be discriminated
to some extent, the maximum deviations from ΛCDM for S
(1)
3 (z) and S
(1)
4 (z) are only about
4% and 3%, respectively. Comparing to the IΛCDM1 case (notice the different scales in Figs.
3 and 4 and refer also to the concrete values in Table 1), we find that actually this statefinder
diagnostic only provides a mild differentiation and the curves are degenerate in some degree.
Interestingly, we find that in this model the S
(1)
4 (z) curves exhibit even stronger degeneracy
than the case of S
(1)
3 (z), as shown in Fig. 4. Thus, for the IΛCDM2 model, the S
(1)
4 diagnostic
does not provide any useful help for differentiating the geometrical degeneracies. However,
we find that for this model the (z) diagnostic could well discriminate the various cases of the
model and finely measure the deviations from S
(1)
3 , in the low redshift region (the maximum
deviation from ΛCDM for (z) is about 20%). In the high redshift region, the IΛCDM2
model is highly degenerate with ΛCDM. Therefore, for the IΛCDM2 model, combining the
diagnostics of expansion history and growth of structure becomes extremely important. We
thus perform a CND {S(1)3 , } for the model. We find that in the S(1)3 – plane the trajectories
exhibit distinctive features and the departures from ΛCDM could be well measured. The
power of CND is clearly shown in this case.
In the above discussions, the deviation from ΛCDM for each diagnostic parameter has
been measured, theoretically. Now we wish to compare these deviations with the uncertainties
on diagnostic parameters given by observations. To do this, we should first estimate the
parameter space of the diagnostic parameters using observational data. However, this kind
of work needs a series of calculations that are not the main focus of this paper. So here
we quote the observed uncertainties on diagnostic parameters obtained in previous works.
Uncertainties on S
(1)
3 and S
(1)
4 from current observations or estimated from simulations can be
found in [34, 69–74]. It was found that they are rather difficult to measure—for most of the fit
results, the uncertainties on S
(1)
3 and S
(1)
4 at z = 0 are not less than 6% and 20%, respectively.
These uncertainties on S
(1)
3 and S
(1)
4 are larger than the maximum differences [5% (4%) and
15% (3%)] between the ΛCDM model and the IΛCDM1 (IΛCDM2) model, indicating that
neither the IΛCDM1 model nor the IΛCDM2 model can be well distinguished from the
ΛCDM model. On the other hand, the fit results of  can be found in [50, 51, 64], where the
uncertainty on  can be constrained to about 5%. With this precision, the IΛCDM2 model,
where the deviation from the ΛCDM model for  is about 20%, can be well distinguished.
However, the IΛCDM1 model still cannot be distinguished (the deviation for  in this model
is about 2%). In summary, the diagnostic parameters S
(1)
n and  still do not have sufficient
precisions to completely distinguish IΛCDM models from the ΛCDM model, currently. Note
that their precisions may be further degraded, if one simultaneously constrains S
(1)
n and 
using the same observations, due to the correlations between S
(1)
n and . This situation
somehow weakens the power of CND {S(1)3 , } considered in this paper. Nevertheless, the
discussion of this paper is still meaningful, as it points out what precisions of the diagnostic
parameters should be achieved to distinguish the IΛCDM models from the ΛCDM model. We
expect that future observations could measure the diagnostic parameters with such precisions.
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4 Conclusion
Currently, the ΛCDM cosmology provides an excellent description of various cosmologi-
cal/astrophysical observations. Thus, any new physics beyond the ΛCDM cosmology, if
detected and confirmed, would be viewed as a major breakthrough in cosmology and fun-
damental physics. The simplest extensions to the base ΛCDM cosmology regarding DE
component includes wCDM and IΛCDM. The former considers the model in which the cos-
mological constant Λ is replaced by some DE field/fluid with constant w, and the latter
considers the model in which the vacuum energy (Λ) directly couples to CDM in some phys-
ically profound way, and both are one-parameter extension to ΛCDM. The mixture of the
two is called the IwCDM model.
In this paper, our focus is the IΛCDM cosmology. We wish to explore the deviation of
IΛCDM from ΛCDM regarding the extra coupling parameter β by using the diagnostics of
both statefinder hierarchy and growth rate of structure. But, to make our discussion more
generic, we begin with the more general model, namely, the IwCDM scenario. We consider
two interacting form in this paper: Q1 = βHρc and Q2 = βHρde. For the statefinder
hierarchy, we derived the analytical expressions of S
(1)
3 and S
(1)
4 in terms of cosmological
parameters for interacting dark energy. For the growth rate of structure, we employed the
PPF theoretical framework for interacting dark energy to numerically obtain (z) for the
models considered in this paper. We tested the IwCDM models with Q1 and Q2 using
the S
(1)
3 and  diagnostics. We found that in both the geometrical and structure growth
diagnostics the impact of w is much stronger than that of β in the IwCDM models.
We wish to have a closer look at the IΛCDM scenario that is a one-parameter extension
to ΛCDM with the statefinder hierarchy and the growth rate of structure. We plotted the
evolution curves of S
(1)
3 (z), S
(1)
4 (z), and (z), as well as the evolutionary trajectories in the
S
(1)
3 – plane, for the two IΛCDM models with Q1 and Q2. We found that, for the model with
Q1, the geometrical diagnostic S
(1)
4 could well measure the deviation from ΛCDM and finely
differentiate degeneracies in the model. But for the model with Q2, we found that neither
S
(1)
3 nor S
(1)
4 diagnostic could provide useful help in discriminating various degenerate cases
in the model, while the  diagnostic is fairly helpful for the model. We found that for both
models the evolutionary trajectories in the S
(1)
3 – plane exhibit distinctive features and the
departures from ΛCDM could be well measured. Thus we have shown that the composite
null diagnostic {S(1)3 , } is a promising tool for diagnosing the IΛCDM models. Besides, we
also compare our results with the observed uncertainties on diagnostic parameters. We found
that the diagnostic parameters still do not have sufficient precisions to completely distinguish
IΛCDM models from the ΛCDM model, currently. Anyway, our work gives what precisions of
measurements should be achieved to distinguish the IΛCDM models from the ΛCDM model.
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